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Abstract

As products are required with higher precision, vibration control becomes more
important for precision machining and inspection. A stage with both fast positioning and
relative vibration eliminated can improve product quality. Elastomeric bearings are widely
used in the seismic engineering and precision machining fields. By utilizing their stiffness
anisotropy, miniaturized bearings can be made of rubbers and have the same function as
much larger compliant mechanism—based designs. This provides possible advantages in
precision positioning. In this paper, for modeling the system dynamics of the stage, the
mechanical properties of elastomeric bearings are determined through essential material
tests of the load cells in this system. The results show that the bearing stiffness is both
frequency- and time-dependent. A single-degree-of-freedom precision stage containing
four elastomeric bearings is then designed and realized. The stiftness of the elastomeric
bearings is modeled as a generalized Maxwell model by system dynamics testing of
controller design. A closed-loop control system comprising an AVM40-20 voice coil motor,
an ASP-10-CTR capacitance probe, and an Integral Sliding Mode controller is proposed
for the precision stage. Signal processing for the entire system is performed under an NI
cRIO-9014 LabVIEW FPGA real-time controller. In comparison with a previous compliant
mechanism—based design, the stage volume is reduced from 130x40x15 mm to 30%33x33
mm, the positioning stroke is increased from 101 pm to 139 pum, and the bandwidth is
increased from 29 Hz to 350 Hz.

KEYWORDS: -clastomeric bearings, generalized Maxwell model, positioning stage,

controller design
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Extend Abstract

Analysis, Design, and Control of a Novel Elastomeric Bearing Positioning
Stage

Yen-Chu Teng
Kuo-Shen Chen
Department of Mechanical Engineering
National Cheng Kung University

INTRODUCTION

As requirements of product accuracy become more serious, vibration control in
precision machining and inspections become more important. In order to achieve vibration
suppression and isolation, adequate feedback controls also need to be implemented.
Precision positioning stages that provide high-speed positioning and control capabilities
are a method to solve the above-mentioned vibration problems for improving machine

performance and product qualities.

Traditionally, compliant stages actuated by piezoelectric (PZT) actuators are typical
designs for achieving vibration control. For example, Chang and Du designed a
micropositioning stage with a stroke of 100 um and a resolution of 0.04 um. Wang and Lee
[4] developed a single-degree-of-freedom PZT compliant positioning stage for automatic
optical inspection (AOI) applications. It can provide a maximum stroke of 101 um with a
53.8-nm steady state error and a bandwidth of 29 Hz. Wang and Lee [4] further extended

Wang’s design to form a stacked two-degree-of-freedom PZT compliant positioning stage.

Compliant mechanisms usually have complicated shapes and large volumes for
specific mechanical designs. When the design purpose is changed, the compliant
mechanism must be redesigned. However, its large volume may impose limits on the
design. Elastomeric bearings, which are flexible with regard to stiffness design, are another

good choice for mechanical design.

Previously, Cuff developed a single-degree-of-freedom  electromagnetic
nanopositioner with elastomeric bearings that provides a 100-um stroke and 580-Hz
bandwidth. Kluk developed an advanced fast steering mirror for optical communication

with elastomeric bearings that provides 3.5-mrad angular motion and 10-kHz bandwidth.
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These are typical examples of elastomeric bearings in precision stage control.

However, elastomers are viscoelastic materials, which mean that their stiffness is time-
and frequency-dependent. Without adequate system modeling, an elastomeric-bearing
stage may not be adequately controlled. In previous works [5, 6], researchers used linear
elastic models for modeling the mechanical behavior of elastomers. On the contrary,
elastomeric bearings are modeled as viscoelastic materials in this work and associated
controllers are designed. By this approach, it is expected that the advantages and

superiority of elastomeric bearing stages can be fully realized.

Approach

The research flow of this work is shown in Fig. 1. The first issue is to perform
mechanical analysis and design of the stage body, followed by basic dynamic testing for
obtaining the system model. With proper integration of the sensor and actuator, the
controller design is then investigated for evaluating the performance and quality of the

design.

In this paper, instead of using compliant structures, elastomeric bearings are used to
provide stiffness and control the dynamic behavior of the proposed precision positioning
stage. An elastomeric material, silicone, is chosen for the elastomeric bearings. First, the
shape and size of the bearings are designed by considering the stiffness and natural
frequencies of the stage. A viscoelastic model is applied to model the stiffness of the
elastomeric bearings. Then, several system dynamics experiments are performed to find the

parameters of the viscoelastic model.

The main purpose of the stage is single-degree-of-freedom precision positioning with
a motion stroke of 100 pm. The system, shown schematically in Fig. 2, contains an
AVM40-20 voice coil motor for actuation, an ASP-10-CTR capacitive probe, an aluminum
block with four elastomeric pads as rubber bearings, and a LabVIEW FPGA controller for
controlling the motion. The voice coil motor actuates the stage and the capacitive probe for
sensing the movement. The design exploits the deformation of the elastomeric bearing to
provide essential structural stiffness and the overall performance is a compromise between
desired specifications, static and dynamic responses, and controllability considerations.
The ASP-10-CTR capacitive probe has a measurement range of 254 um, a resolution of 10

nm, and a bandwidth of 1 kHz, and is extremely suitable for this design. Meanwhile, for
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investigating the mechanical properties and for pre-load adjustment of the elastomeric
bearings, one LM-10 and two S-100 load cells are also mounted on the experiment
structure for observing the loading on the elastomeric bearings and the force transmitted

from the voice coil motor. The entire control flow is shown in Fig. 3.

_|Stage dynamic
4 test

System design —> Stage design

Positioning | _ Controller System
experiment | design modeling

Fig. 1. Research flow for realizing the entire system.

(a)
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load cell e
Position sensor

j Position sensor

(b) preload
\

t

load cell Voice moto

Fig. 2. Schematic plot of the entire setup.
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Fig. 3. Block diagram for controlling the system.

Stage Design and Realization

As shown schematically in Fig. 4, the stage mainly included an aluminum block and
four silicone elastomeric bearings attached to it. The stiffness in the positioning (z-axis)
direction, kz, can be expressed as the combined shear stiffness (i.e., ks, shown below) of all
four bearings. On the other hand, the stiffness of the other two axes (x- and y-axes), kx and
ky, can be modelled as the combined stiftness (i.¢., ke, shown below) of two ks and two kc
stiffnesses of individual bearings. In terms of linear elasticity, kz is proportional to the
stage stroke and the natural frequency of the stage strongly depends on kz. On the other
hand, since the design has a single degree of freedom, kx and ky should be much larger
than kz. In this work, a ratio of 10 is used for structural design. The compression modulus,
Ec, of the elastomeric bearings is strongly related to their shape factor S and one can
modify their geometry to adjust kc. On the other hand, the shear module is 1/3 of the
Young’s modulus EO. In this work, by evaluating all these issues, the dimensions of the
bearing and stage are finally designed to be four 15%15x1.5-mm (silicone) elastomeric
bearings and a 30x30x30-mm aluminum stage, respectively. The experiment system is

realized as shown in Fig. 5.

The stiftnesses kx, ky, and kz of the x-, y-, and z-axes are 4.10, 4.10, and 0.36 N/um,
respectively. The natural frequencies of the x, y, and z-axes are 864, 864, and 256 Hz. The
maximum output force of the voice coil motor is 27 N and the corresponding maximum

stroke is 150 pm.
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Dynamic Testing and Modeling of the Stage
Stage Model

The stage is modeled as a single-degree-of-freedom vibration system, shown in Fig.
6(a), with a mass M, a damper with damping coefficient C, and a time- and
frequency-varying spring K(s), which is mainly caused by the viscoelastic effect of the
elastomeric materials and is modelled by using a generalized Maxwell model [8] with two
dampers, cl and c¢2, and three linear springs, k1, k2, and k3, shown schematically in Fig.

6(b). By force equilibrium, it can be shown that the transfer function, K(s).

The mass M in the model is taken as the mass of the aluminum stage and the coil of
the voice coil motor, 139 g, since the mass of the four elastomeric bearings is negligible in
comparison with that of the stage. The damping coefficient C is hard to obtain analytically
and is experimentally determined by examining the open-loop step response. All model

parameters are listed in Table I. The entire stage transfer function can thus be expressed as:

G (5)—1—;
° F  Ms’+Cs+K(s)

(a)

aluminum stage

elastomeric bearing

voice coil motor

(b)

Fig. 4. (a) Schematic plot of the stage. (b) Dimensions and coordinates of the elastomeric

bearings. Schematic plots indicating (¢) in-plane and (d) out-of-plane motion.
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bearing §

Fig. 5. Experiment system setup.

(a) N F (h)

Fig. 6. (a) Stage model. (b) Viscoelastic model of stage stiffness.
Stress Relaxation Experiment

Using a stress relaxation test, the time history of the stiffness under a given initial
fixed displacement can be obtained and is shown in Fig. 7. By using a Prony series

approach, the stiffness can be fitted in the following form:
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experiment
curve fittng

Force(N)

Time(s)

Fig. 7. Stress relaxation experiment results.

The parameters in Eq. (3) and shown in Table I can be obtained once the curve fitting

of Eq. (5) is determined.

Damping Coefficient Experiment

A comparison of the simulation and the experimental results of the open-loop step
response of the stage is shown in Fig 8. The damping coefficient C that can be obtained is
about 800 and the damping ratio is 1.5. Obviously, the elastomeric bearing stage is an

overdamped system.

simulation
/ expriment ||

displacement(um)

0 5 10 15 20 25 30 35 40 45 50
time(s)

Fig. 8. Open-loop step response.
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Table I. Fundamental design parameters of the system.

C

ki

k

ks

C2

C3

800

3.86x10°

6.3x10*

4.4x10"

504

101,200

Controller Design

The actuator contains a power amplifier and a voice coil motor. Using system
dynamics, the power amplifier and the voice coil motor can be modeled as a first-order
system. On the other hand, the elastomeric bearing stage is a fourth-order system.
Therefore, the entire plant is a fifth-order system. However, this full model is too
complicated; thus, the model is simplified to be a third-order model with a first-order
actuator model and a second-order stage model, which is a normal vibration model with a

constant stiffness, as a reference model for controller design.
PID Controller

A traditional PID controller is designed under a 10-kHz loop rate in this paper for
initial evaluation of system performance and as a basis for comparing the effectiveness of
using more advanced controllers. The transfer function of the PID controller may be

expressed as [9]:
G.(s)=K,d +%+Tds)

where Kp, Ti, and Td are the gains for proportional, integration, and derivative gains,

respectively.

Integral Sliding Mode controller

Sliding Mode Control (SMC) is a nonlinear control design and has a robust control
effect on the system parameter uncertainty. Integral Sliding Mode Control (ISMC) is based
on SMC, where an error integral term is added to the sliding function s(x), to increase the
convergence of errors. When the system state is on the sliding surface, S =0 is applied to
derive the controlled input, as in Egs. (8) and (9). The switching input un is designed to
have a compensation term Af included to represent the parameter uncertainty. The time-
and frequency-varying stiffness is regarded as the parameter uncertainty of the stage. The

design of the stiffness uncertainty Ak is based on the stress relaxation experiment.



s(x,t){%MJ (X0 =X, (D) + B[, (X=X, ()

S(X,t) = X+ AKX+ BR = X— X, + AKX+ BX
= f +u—%, + AKX+ BX
U=Ug, +U,

Uy = —F + %, — AX— %

u, =—(a f|+n)sat(s, ),
where:

ot =25,

M

Based on the Lyapunov stability theorem, V(s) is chosen as the Lyapunov function.

According to the derivation, the constant 1 must be positive:

1
V(s)==s"
()=
V'(s)<0—>liszzss’
2 dt

=5(—|a f|+mn)sat(s, @) =—(a f|+n) <0.

Experiment
Step Response

Typical control results are shown in Fig. 9 for a 25.4-um step command. It can be seen
that the open-loop response, although it rises fast initially, cannot reach the destination in a
reasonable time. Notice that it finally reaches the destination after 10 seconds by creeping
due to the time-dependent stiffness. On the other hand, the feedback control response
shows a significant improvement. The PID controller with a gain set of Kp = 15, Ti =
0.0033, and Td = 0.00093 achieves a rise time and a settling time of 9 ms and 20 ms,
respectively. The ISMC controller with a parameter set of f = 12000, ¢ = 0.0305, A =
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12,000, and n = 30 achieves a rise time and a settling time of 6 ms and 29 ms, respectively.

30
255 BT e
A
)
setpoint
- 20 open loop | |
£ --+--PID
E e ISMC
£ 15
L7
=
=
[=%
)
® 10 .
5 4
0 L L 1 L 1 1
0 5 10 15 20 25 30 35 40 45 50

time(ms)

Fig. 9. Step responses of the system.

Sinusoidal motion tracking

The sinusoidal tests are performed and a typical response with 10-Hz actuation is
shown in Fig. 10. It can be seen that the system response is also significantly improved
under PID and ISMC control. Finally, with systematic sinusoidal tests, the Bode plot can
be obtained and is shown in Fig. 11. The bandwidths of the closed-loop system are

approximately 27 Hz and 350 Hz under PID and ISMC controls, respectively.

(a) (b)

experiment —---- setpoint ----=---- control oﬁen‘

30 T T T T T T T T T 4 30

25 Bam 4

20+

)

displacement(um)
&
computed input(V)
displacement(um)
control offert(V)

1, 7
0 L LN L

. I
0 20 40 60 80 100

I . 2 . . . 2
120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time(ms)

time(ms)

Fig. 10. System sinusoidal responses with 10-Hz input

under (a) PID and (b) ISMC controls
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Fig. 11. Bode plots of the closed-loop system under

(a) PID and (b) ISMC controls.

Robustness test

To understand the system robustness, a step response experiment with different
loadings is performed. The results in Fig. 12 show there is no obvious change in the system
response under different loadings. Therefore, this shows that the system is sufficiently

robust to changes in the mass.

30

25F
— 09(0%)
569(40%)
20r —— 103g(74%) |
1569(112%)
setpoint

displacement(um)
>
L

0 Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

time(ms)

Fig. 12. Step response with different loadings.
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Conclusion

In this paper, the design, analysis, and control of an elastomeric-bearing precision
positioning stage is presented for possible application in positioning and vibration control
for measurement and inspection applications. The system contains an elastomeric bearing
stage and is actuated by a voice coil motor. A capacitance probe is used for measuring the
motion and providing feedback. Finally, a FPGA-based digital controller was designed for

performing the motion control.

Due to their viscoelastic nature, the elastomeric bearings were modeled as a
generalized Maxwell fluid using the relaxation test data and the entire stage was modeled
as a single-degree-of-freedom system with time- and frequency-varying stiffness.
Meanwhile, the actuator was modeled as a first-order system based on results from
associated dynamic tests. The PID and ISMC controllers were designed according to the
plant dynamics. The experimental results indicated that the system can achieve bandwidths
of 27 Hz and 350 Hz and steady state errors less than 13 nm and 203 nm under PID and
ISMC controls, respectively. Table II briefly summarizes the performance of the designed
system. Compared with PID control, the system with ISMC has faster positioning speed
but worse positioning resolution. The robustness test shows the system has good
robustness to changes in the mass. The high damping of the elastomeric bearing system

may be the reason for the good system robustness.

Table II. Performance of the system under PID and ISMC controls.

PID ISMC
Steady State Error (nm) 13 203
Overshoot (%) 1.9 2.01
Rise Time (ms) 9 6
Settling Time (ms) 20 29
Bandwidth (Hz) 27 350
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EHAERE TR AER 72 INPEFREE - - LEAY J AT

BRSO ARFLFWLPAMARFERLD B LRI A S L AR

1:)1 j‘g‘ﬁﬁa,ﬁ ¥ "Ki]{li:w—' E'Jﬁi'\‘ 2 )J- BT fIZ/ RN g )| 217(3) BT s f‘;‘f_i\“ *P-}:“?BJ

26



oA 1S AR TS fr N R (74D FPGA & B s 150 ] 2.17(b)
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B 2.19 CompaceRIO B 3 7 5 [32]

28



Driwen,Inc. & * LabVIEW Real-Time ¥ CompactRIO’ & = = & &

UV EPGA 2 Hf 03| B gl 5 2 i % 0B i i 8 51 FF38] o 518 3

G

L Wi e®r CompactRIO ¥ i3 ‘mird| & & e @ BRI B 5 d B o g

ERPBEREARETE > o f B4 HRR KRR &R

.Bé_ o

29



S HEFNZRALZ AR

(AR GG SRR S E LY

'
%
S
a3
>
>—l-
(i}
-

A EA g Y - A LR R B R S A
0 PID #r 41 B0 91 A it 7 chipdl B o 2 I o e
FoAIR o M A AR AR E L 0 R AR A RE R

FF o @ % PID 3% 24p LA & 2 (8 3] 45 a0k Sl o Audndl et i

P F- TR Bs AR 2EddE A o 2 WA TR ] P I
W G R SEANE AR s B R e Blde D R

FIs B ] @ R4 % o Xu 22 Li » 2009 £ 4] * GSMC(Global Sliding
mode control)#z#13 j2 s * it PZT «k# (7 5 » GSMC 24 B ehig
B2 Ao B RF AR A ) PZT eI g 0 £ 2 TR

LA o RS F R F 0 4o 2.2052.21 #157 [33] 0 4 F R F PP E

Bl 220 Xu 2 Li2 % %% K27

30



@ g0 : . . . (b) =30

e g
- = S e o —A-PD
E E
2 H o 20 —o—-SMC
€ I I —0—GSMC
2 : : - Reference o
8 I —=PD @107 4 1
I ---5MC £
|| R -
||| I I {?SMC E 0 M
0 05 15 2 25 0 0f 02 03 04 05
Time (s) Input rate (Hz)

Bl 221 i * (@)= A7 FRFIEL A FR (D)7 b 58~ 298 B35
B % [33]
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330 #F kL7

B P e BT I AR RS O ¢ A s
AEE A LR NG LN - AT ARARIRT 5 A Lk
- J 45t di(Compression Modulus, E;) #* 4 H &7 X357 2 k|12 - E
T 47 5 [24]

E. = E,(1+2¢.5%) (3.1
H oA 4 LR &g % #e(Material Compressibility Coefficient) > S& )k 5]+
(Shape Factor) » fe gt K9P AL T & 5 ¢

b
~ 2(l+b) (3.2)

# G.)GB2)F M EHIR K E TR ERME T & S

_Elb
Ke=— (3.3)

AT A RRT s H A T 4 - 8(Shear Modulus, G) 7 % A5k F]5 B2
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voice coil motor

(b)

F

B35 T oMmAXITR (b) HMdkr L RI(c) T o =4 & BOFRE) (d)
T LA & BI(RIAR B])

332 RE®P

d33.1¢ >3vipe dg T Loenz bk T4k 0 - K3 E 2 (Kx, Ky
> 10Kz) » "kt 2 b o e SR BRI BIEAR T ARAR S o R P g R
TR RAES S TN RS 6 BB R BIARE B A
AR ARE o ABE R e p B S DR T 0 PR K R o K3
4 15x15x1.5mm> 48T 5 % < % 30x30x30 mm - AR 5 = < % 30x33x33
mm > x$h ~ yfhfozihh] A B 54,10 ~ 410~ 036 N/ gm » T 5 xdh - yih

fezihp PR4E 5 5 864 ~ 864 ~ 256 Hz -
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gt o R 30%x30%30 mm
¥R i = 15%x15x1.5 mm
T5 (o zih) 0.36 N/ ym
T2 W (F 0 X s yih) 4.10N/gm
T4 p AR (R 2ih) 256 Hz
T L p A F(F T x>~ yhh) 864Hz
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Fi,c(s) =G Sxi,c (S)

Mo R4 IR - MR B0
Fi,k — ki X; k

Laplace # 3 5

Fi,k (S) = ki Xi,k (S)

(3.6b)

3.7

BTk NGOG AP T R4 B e B G ) ik

fel, ST R

X,(5) = X, o(5)+ xi,k(s>=Fi(s>(é+%>

E(s) _ cks
X,(s) c¢s+k

Bz 3NA RGBS Ir(38) L & L ALE A BT kA e T

Fk (S) — FI(S)+F2(S)+F3(S) — k + CZkZS

c.k.sS
+ 33

X, (S) X () 'os+k,
AT LKA A B R R G

K(s) = as” + fs+kkk,
C,C,S” +(K,C, +C,K;)Ss + K kK,
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Voice Coil Motor Capacitance Probe

PC-based LabVIEW Environment
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422 FHRAFNE

o E W E

1. § Bl5 & ¢ Akribis Systems AVM 40-20 > 45350 £ 4.1
2. & B5 F Az < B Labworks PA-138 » # % 500W

3. AN MR RIE C MASP-10-CTR » 423580 442

4. FF N EHAERL E D Mt As-9000

5. 4t~ 32 P4l E L NICRIO 9014

6. # ot INI9215 > w g i > 16Bit » P47 5 100kHz
7. HE RS INI9263 > = g o 16Bit Btk 5 100kHz
8. LabVIEW MHl#7425% : LabVIEW 2010

9. 4 #(GE4):EPrS-100 > 100kg/10V

10. 4 %.(3 B 5 ) @prLM-10 > 10kg/10V

11. 4 Ragic< F D 2prJS100

20413 E5 2R

Model AVM 40-20
Force sensitivity 12.9 N/A
Peak force 58.1 N
Resistance 11.0 ohms
Inductance 6.22 mH
Coil assembly mass 633 ¢g
Core assembly mass 2050 g
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F A2 R FFEBERBERR

Model ASP-10-CTR

Range 254pm
Resolution 0.00167%(4.2nm)
Accuracy 0.02%(50.8nm)

Gain 25.4pm/V

B 4.6 2 5% & @)D 5 R ,?'Jﬂ?(b) TEN EHMERA E
() 4~ 3% 2 PRI E(d) # (o) # st B
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PRERR TR R AR EEF R TR A R 5 kT R
RLEOTR G A2 LGOI fead 2GRS A B REHCT] > B PSR R
AP o Rl LT - HRe sl ) RERF ESE R T
VB - W Bl d 3 (4.2a) T S ARSE R M A S8 K(s)
g~ Xi(s) & P A ek b i R A dest(42b) 0 F x5 (4.20)

d Laplace g3t » ¥ 1 F 3| - B4 EFEF BN 408 (4.3) o FE4oT

c,k,s c.k.s
F(S)=|k +—22—+-—232"1X,(5),
«(S) (1 c,51k, C3S+k3) «(S) (4.2a)
H e
A
Xi(8) =" (4.2b)

Ho AL efE o #570(4.2b)~ » 2 (4.22)

k Cc,k c.k
F()=A1+A—"2—+A—2—,
(=R c,s+k,  cs+k, (4.20)

Laplace if #& 3

-t -t

F (1) = Ak, + Ak,e" + Ak,e™ , (4.3)
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FBAAS D T o, ARV B AR ] AR i R AR o
Bk E 4B 490 0 W MELL 5 DN (43) ek aolior AP B8 (4.4)

d RN E3)ER Y R AARE S E R S8k S¥cdcd 43

t —t

F (t)=9.82+1.61e00% +1.12e23 (4.4)
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45 S iyt (4.5) ¢

Gplant = Gactuatoertage =

1382.3 1.637x10°s> +3.41x10%s+2.728x10° (4.5)
s +1382.3 1.637x10°s* +1.343x10°s* +1.079%x10%s* +1.493x10"s+1.055%x10"

Control

1
1
1
1
1
offer ! Displacement
1
1
1
1

Bl 4.11 T 5 k%> B

1
Ms? + Cs + K (s)

Gstage = (4.6)

AR KM 5 EERIE ko foR L% £ Ak T 54027 ik S

434 (4.7)
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Imaginary
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X controller pole
X O controller zero
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B 5.3 PID ¥4 B T 7% 243 i B

5.2.2 PID #+#] B % 2. Zeigler-Nichols % #c3} &2
#PIDd 4| B4 S & 7 = (5.1
u=K,(1+ % + Tds) , (5.1)

# ¢ Kpfi = v* &3 ¥ (proportional gain) » Tifi & ##% 4 FF ¥ (integral time) °
Td#f = pic 4 P P (derivative time) e B3k B v % L4 BiX 5 ff 4 1M 2 Jes
G T 0 R4 e R > BB S TR 4R R A F 5 Ku(
FEA S EIUE E o ultimate gain ) » TR 48 T gk T F 8 5 Tu(et & ¥
# 5 #&"F Y - ultimate gain) o 1% KuZ Tu® > PID4y 4] B e $ ficid A (6

(K, ~ T; ~ Tqed #)¥ 12 44 £5.1[36] »
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% 5.1 Ziegler-Nichols 2. PID ¥4 % % F 2 &% [36]

Al E Al K, T; Tq
P 0.5K, 00 0
PI 0.45K, 0.833T, 0

PID 0.6K, 0.5T, 0.125T,
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H(s) = S3tas’+bs+c -2)
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Gl B Kp hirdl f e R P RS 20 L
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U B # 48 OB P S R GBI F SRR

s3 1 b
s?2 a c+Ky,d
o — (c+ K,d)
a
s° c+Kyd

P RS THRRI T AR A v e 30 ot E D2k AHCRIN4.1])
AT 5 AR G - RSV RCR A b R BRCR] 2 B R SABCE] 0 d

P FHESN RS RS L 52 Rip ik 52 @3 PID HAIE S

65



oo A G AT 2 1 B AP R
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5.3 # # # i 474 E (Sliding Mode Control, SMC)
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ECRUE N 3
EF & s(x)=0

x(0)

yagsE  xO

P48 x(0)=0

B 5.5 FE 4T AR
1A bR eniE 2 > BT €5 8 BIFE DB ITFFEE IR o 12
Benfm i ST e o & TR .qf BdF ek
TG b RIS L P A G AL S I R e @ B A
(D28 & 5 (2)is i LB 15 & el & o
BATETHG s(xt) 0§ ARFIEE R S FF LTS LA AR
o Fp R KA G Sk R B SR lE R PR e iR

¥ d S R PE 0 B SR R e RN BT AT S

s(x,t) - s(x,t) <O0> (5.1)
MR AR R S R EUTIERE P Ee BB A -
FECE e TR A TR

s(x, t) - $(x, t) < —nls(x, t)], when s(x,t) # 0 (5.2)
He ni-T W fcen 57 BT T8 K caciE it v 12 Lyapunov

stability theorem k3P D K V(X,H) 5 — & F @ 5 - Ff Edeehe € Sodic
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2 o(0)=0 FiHETAFEE
1. V(x,t) » i+ Z(positive definite) °
2V =SV D5 f 2
3.% Ix@®Il » 00> V(x,t) > 00 -
R R buz ks T §RBE GO 48 T (globally asymptotically stable)
@ V(x,t)f = Lyapunov function » % % &(5.2)3% & Lyapunov stability
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Ideal Model 1

SIidEng—Mode Actuator — Plant
Control

() —

X=X-X,=[x % . x0T (5.3)

P Ak GEL Y LA - PR Sdks S FL e BXL M Sk

oo s - &k B e BIS() = 045 AR i % BT & (sliding

surface) » @ ¥(5.3);8 ¢ ¥ v s(Xt) = 05 — (n-1)FF 48 8 = AP ji

AN ER A GDE TR B P E B BN Ry T

asX t)ehz &

=
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L

Ler 1y 2 ]Lﬁ ?’—%;Xé ,;\,;fﬂgty]{m(o T }‘g,b,,‘ 4% 'FF’UPE ’ JV}{@.‘

Xi=fx)+u (5.4)
2 EIXO) =X S EFRsE) =07 #F :
s, 1) = <%+/1>9? Y. (5.5)
FAALERR P L HBES=0
S=X+AM=X%—X3+AX¥ = f +u—¥y + X (5.6)
Upg = —f +%q — A% (5.7)
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Mg ALUR R B G thPE R R R RTIEE > NP i A - 2
(5.8)

u, = —(|Af| + n)sat(s, 0) (5.9)
@ OATE B 4 B R s AR B i 2 & R F]pt 1% Lyapunov stability

theorem :% P~ Lyapunov function >
1
V(s) = ESZ (5.10)

. 1
0 - =—52 = s3
V(s) < o oSt =s8

=s(f+u—5x; +1%)
=S(f + Ueg + up — Xy + 1 %)
= s(=(lAf] + n)sat(s,0)) = —(|Af| +n) <0 (5.11)

1, s>0
sat(s, @) = %, —-P<s<0 (5.12)
-1, s<—0

(5.11)5% % % &_Lyapunov stability theorem » & F#-n B~ 5 & % ¥ #c> d ¢

Af & 5-8c? Fafbat 38 A PR LHE S
Af = Ak(x) (5.13)

v Ak s BRI B o d pU SR K ALY Sl e i o

PO A HIT S S W AR 570 o IR Y @ % sat(s, @) Sk 0
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5.4 f 4 3% i & 0% #2+4] F (Integral Sliding Mode Control, ISMC)
B d A B B A S R R A ¥ g - RR PR
REME s A 53 80 s A E R SMC Rl A kS (e A Ak sehph
R PlEZ T sadpd] R TR R 0 AP ) KT
SRS A 100ms P oiE B 16% 0 2000ms P i | 25% > 4opt + iF B S
o BRAFFE AR Z G T o o TR PR N
BB BT 5
5.4.1 ISMC £-4] B2 3%
G RE P BRI 6 SN (55 A N F BRG] E

[34][38][40] 8 i h Tl ® e > — FF A IE > 4o38(5.13) ¢

s(f,t)=<%+ﬂ)f+ﬁjf—f(0)=5c"+b?+ﬂf3?—f(0) (5.13)

Be BafAm s d Fas;9mmfe Jfc AP €At E X i)

Ueq ' & A B BTG B £ R B S =0

S=X+AM =% —X3+AX¥=f+u—%y+ 1% + fX (5.14)
Ueqg = —f + %g — A% — pX (5.15)

MR kSR B G PR R R KB ITIEE S AP R b 2R
Bl uy o d FRBEHFEUT S uqBu i e

U= Upg + Uy (5.16)
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Hv
u, = —(|Af| + n)sat(s, D) (5.17)

AP s e g gt AR REAT O 0 @ STE Do B E F 8 UE B0 2 R

Fo ]t 41 #* Lyapunov stability theorem i% B~ Lyapunov function >

V(s) = %sz (5.18)

/(s) <0 Ld 2 =55
ﬁ__ —_
V(s Zdts SS

=s(f +u— iz + A% + %)
= S(f + Upq + Up — ¥4 + AX + BX)
= s(=(Af + n)sat(s, ®)) = —(Af| +1) <0 (5.19)

(5.19)5% % ;% ®_Lyapunov stability theorem » & Jf #-n 35 & 7§ #c> #

<

PAf G SEcH R AE IR APk T E G

£

Af = Ak(%) (5.20)

g bR EE A Rk TR SR S AR 0 T
ForedpdluegE 7 Firdluy > d A4 NSRRI E T Foapil e

I FIrE R o
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5.4.2 ISMC #-+| % 2. MATLAB Simulink #-# % %
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